Abstract. We study monomial curves, toric ideals and monomial algebras associated to 4-generated pseudo symmetric numerical semigroups. Namely, we determine indispensable binomials of these toric ideals, give a characterization for these monomial algebras to have strongly indispensable minimal graded free resolutions. We also characterize when the tangent cones of these monomial curves at the origin are Cohen-Macaulay.
Introduction
Let n 1 , . . . , n 4 be positive integers with gcd(n 1 , . . . , n 4 ) = 1. Then the numerical semigroup S = n 1 , . . . , n 4 is defined to be the set {u 1 n 1 + · · · + u 4 n 4 | u i ∈ N}. , where X i → t ni . Pseudo Frobenious numbers of S are defined to be the elements of the set P F (S) = {n ∈ Z − S | n + s ∈ S for all s ∈ S − {0}}. The largest pseudo Frobenious number not belonging to S is called the Frobenious number and is denoted by g(S). S is called pseudo symmetric if P F (S) = {g(S)/2, g(S)}. By [24, Theorem 6.5, Theorem 6.4], the semigroup S is pseudo symmetric if and only if there are integers α i > 1, 1 ≤ i ≤ 4, and α 21 > 0, with α 21 < α 1 , such that n 1 = α 2 α 3 (α 4 − 1) + 1, n 2 = α 21 α 3 α 4 + (α 1 − α 21 − 1)(α 3 − 1) + α 3 , n 3 = α 1 α 4 +(α 1 −α 21 −1)(α 2 −1)(α 4 −1)−α 4 +1, n 4 = α 1 α 2 (α 3 −1)+α 21 (α 2 −1)+α 2 .
From now on, S is assumed to be a pseudo symmetric numerical semigroup. Then, by [24] , K[S] = A/(f 1 , f 2 , f 3 , f 4 , f 5 ), where .
Motivated originally from its applications in Algebraic Statistics many authors have studied the concept of indispensability, see e.g. [33] and [6, 15, 23] and later strong indispensability, see [7, 8, 5] . In section two, we determine indispensable binomials of I S and prove that K[S] has a strongly indispensable minimal S-graded free resolution if and only if α 4 > 2 and α 1 − α 21 > 2, see Theorem 2.5. In section three, we consider the affine curve C S with parametrization X 1 = t n1 , X 2 = t n2 , X 3 = t n3 , X 4 = t n4 corresponding to S. Recall that the local ring corresponding to the monomial curve C S is R S = K , which is isomorphic to the ring K[S]/I S * . Here, I S * is the defining ideal of the tangent cone of C S at the origin and is generated by the homogeneous summands f * of the elements f ∈ I S . We characterize when the tangent cone of C S is Cohen-Macaulay in terms of the defining integers α i and α 21 . Cohen-Macaulayness of the tangent cone reveals how nice the singularity at the origin is and verifies Sally's conjecture that the Hilbert function is non-decreasing for one dimensional Cohen-Macaulay local ring R.
indispensability
In this section, we determine the indispensable binomials in I S and characterize the conditions under which K[S] has a strongly indispensable minimal S-graded free resolution. First, recall some notions from [6] . The S-degree of a monomial is defined to be deg S (X i=1 u i n i ∈ S. Let V (d) be the set of monomials of S-degree d. Denote by G(d) the graph with vertices the elements of V (d) and edges {m, n} ⊂ V (d) such that the binomial m − n is generated by binomials in I S of S-degree strictly smaller than d. In particular, when gcd(m, n) = 1, {m, n} is an edge of G(b). d ∈ S is called a Betti S-degree if there is a minimal generator of I S of S-degree d and β d is the number of times d occurs as a Betti S-degree. Both the set B S of Betti S-degrees and β d is an invariant of I S . S-degrees of binomials in I S which are not comparable with respect to < S constitute a subset denoted M S whose elements are called minimal binomial S-degrees, where
A binomial is called indispensable if it appears in every minimal generating set of I S . The following useful observation to detect indispensable binomials is not explicitly stated in [6] . We use the following many times in the sequel.
Proof. Assume to the contrary that
n l + u s n s + u r n r = 0 and this is impossible as v l is positive. That is, v k − u k > 0. This contradicts with the fact that α i is the smallest positive number with this property as 0
Now, we determine the minimal binomial S-degrees.
Proof. Observe that
∈ S from Lemma 2.2 for all i, j except 3 and 4.
Assume
This contradicts to α 3 being the minimal number with the property α 3 n 3 ∈ n 1 , n 2 , n 4 , as 0
There are two possibilities for
But this contradicts to the minimality of α 2 . Hence u 1 = 0 and n 1 + (α 2 − 1 − u 2 )n 2 = (u 3 + 1)n 3 + u 4 n 4 with α 2 − 1 − u 2 > 0. ( If α 2 − 1 − u 2 ≤ 0, then n 1 = (u 2 + 1 − α 2 )n 2 + (u 3 + 1)n 3 + u 4 n 4 and this implies n 1 ∈ n 2 , n 3 , n 4 which can not happen). Then if u 4 = 0, we have (u 3 + 1)n 3 = n 1 + (α 2 − 1 − u 2 )n 2 . As u 3 + 1 < α 3 gives a contradiction with the minimality of α 3 , we assume
and this gives a contradiction with the minimality of α 2 . On the other hand, if u 4 > 0, then n 1 + α 2 n 2 = (1 + u 2 )n 2 + (u 3 + 1)n 3 + u 4 n 4 , and as α 2 n 2 = 1+α 21 n 1 +n 4 , we have (1+α 21 )n 1 = (1+u 2 )n 2 +(u 3 +1)n 3 +(u 4 −1)n 4 . As 0 < 1 + α 21 < α 1 , this contradicts with the minimality of α 1 . Hence, d 4 − d 3 can not be an element of S.
As a consequence, we determine the indispensable binomials in I S . Part of this result is remarked at the end of [23] .
Proof. This follows from Lemma 2.1 and Proposition 2.3, since β di = 1, for all i = 1, . . . , 5.
We finish this section with its main result. Proof. According to Proposion 29 of [5] it is enough to check whether the differences between 1-Betti degrees d i − d j and differences between 2-Betti degrees
∈ S if and only if α 1 − α 21 > 2 from the proof of Proposition 2.3. For the differences of 2-Betti degrees, observe first, since
And from corollary 16 of [5] ,we have 
Cohen-Macaulayness of the tangent cone
In this section, we consider the affine curve C S with parametrization
corresponding to the pseudo symmetric semigroup S =< n 1 , n 2 , n 3 , n 3 >. Recall that the local ring corresponding to the monomial curve
. , t n4 ]] and its Hilbert function H R (n) is defined as the Hilbert function of its associated graded ring, gr
, which is isomorphic to the ring K[S]/I S * . Here, I S is the defining ideal of C S and I S * is the ideal generated by the homogeneous summands f * of the elements f ∈ I S . I S * is the defining ideal of the tangent cone of C S at the origin. We will study the Cohen-Macaulayness of the ring K[X 1 , X 2 , X 3 , X 4 ]/I S * since Cohen-Macaulayness simplifies the computation of the Hilbert function [30] . For some recent and past activity about the tangent cone of C S , see [1, 2, 22, 31, 9, 32] .
It is a conjecture due to Sally that If R is a one dimensional Cohen-Macaulay local ring with small enough embeddding dimension, then H R (n) is non-decreasing. This conjecture is obvious in embedding dimension one, proved in embedding dimensions two by Matlis [25] and three by Elias [13] . For embedding dimension 4, Gupta and Roberts gave counterexamples in [16] , and for each embedding dimension greater than 4, Orecchia gave counterexamples in [28] . However, for semigroup rings, there are no counterexamples when the embedding dimension is smaller than 10; counterexamples are given for monomial curves in affine 10-space by Herzog and Waldi in [21] and in affine 12-space by Eakin and Sathaye in [12] . More recently, [11, 29, 10, 17] give sufficient conditions under which H R (n) is non-decreasing. And, most recently, [27] and [26] announced some methods for producing Gorenstein numerical semigroup rings whose tangent cones have decreasing Hilbert function.
We give characterizations under which the tangent cone is Cohen-Macaulay. This will show that Hilbert function of the associated graded ring of a monomial curve corresponding to a pseudo-symmetric semigroup is non-decreasing by [14] .
Remark 3.1. Depending on the ordering among n 1 , n 2 , n 3 and n 4 there are 24 possible cases as can be seen from the examples in the next table. We will determine standard bases and characterize Cohen-Macaulayness completely in the first 12 cases. For the remaining 12 cases, finding a general form for the standard basis is not possible, so we give some partial results. 
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Proof. Corollary 2.4 implies that f 2 and f 3 are indispensable binomials of I S , which means that they appear in every standard basis. To prove (1), assume contrary that α 2 > α 21 + 1. Then, LM(f 2 ) = X α21 1 X 4 is divisible by X 1 . This leads to a contradiction as [4, Lemma 2.7] implies that the tangent cone is not CohenMacaulay. Similarly, when α 21 + α 3 > α 1 , LM(f 3 ) = X α1−α21−1 1 X 2 is divisible by X 1 . So, if the tangent cone is Cohen-Macaulay, then (1) and (2) must hold.
To show the last inequality holds, assume not: 
∈ S with 0 < a < α 2 and 0 < α 3 − b < α 3 but this contradicts to Lemma 2.2. So, (3) must hold as well.
Before we check if the conditions (1), (2) and (3) are sufficient, we note the following.
Remark 3.3. α 1 ≥ α 4 holds. Indeed, as f 1 is S-homogeneous and n 1 < n 4 , we have
Next, we compute a standard basis for I S , when (1), (2) and (3) hold. (2) and (3) hold, the set G = {f 1 , f 2 , f 3 , f 4 , f 5 } is a minimal standard basis for I S with respect to a negative degree reverse lexicographical ordering making X 1 the smallest variable.
Proof. We will apply standard basis algorithm to the set G = {f 1 , f 2 , f 3 , f 4 , f 5 } with the normal form algorithm NFMORA, see [19] for details. We need to show N F (spoly(f i , f j )|G) = 0 for any i = j with 1 ≤ i, j ≤ 5. Observe that the conditions (1) and (3) imply that α 4 ≤ α 21 + α 3 (*) and hence,
, by (*).
Then we conclude the following:
and by (*) its leading monomial is X α1−α21−1 1
, which is divisible only by LM(f 5 ). As ecart(f 5 ) = ecart(spoly(f 1 , f 3 )) and spoly(f 5 , spoly(f 1 , f 3 )) = 0, we have
Among the leading monomials of elements of G, only LM(f 2 ) divides this with ecart(f 2 ) = α 21 + 1 − α 2 = ecart(spoly(f 3 , spoly(f 1 , f 4 )). Then spoly(f 2 , spoly(f 3 , spoly(f 1 , f 4 ))) = 0 implying N F (spoly(f 1 , f 4 )|G) = 0.
•
It is not hard to see that this standard basis is minimal, so we are done.
We are now ready to give the complete characterization of the Cohen-Macaulayness of the tangent cone. 
Proof. If the tangent cone of C S is Cohen-Macaulay, then (1), (2) and ( 3.2. Cohen Macaulayness of the tangent cone when n 2 is the smallest. In this section, we deal with the Cohen Macaulayness of the tangent cone when n 2 is the smallest in {n 1 , n 2 , n 3 , n 4 }. As before, we get the necessary conditions first.
Lemma 3.6. Suppose n 2 is the smallest. If the tangent cone of the monomial curve C S is Cohen-Macaulay, then the following must hold
Proof. If tangent cone is Cohen-Macaulay then (1) and (2) 
. As f 4 ∈ I S , there exists a binomial g in a minimal standard basis of I S such that LM(g) | LM(f 4 ) and as the tangent cone is Cohen-Macaulay X 2 ∤ LM(g). Hence LM(g) = X Before computing a standard basis, we observe the following.
Remark 3.7. When n 2 is the smallest, α 21 + 1 ≤ α 2 holds automatically. Indeed, as f 2 is S-homogeneous, α 21 n 1 < α 21 n 1 + n 4 = α 2 n 2 < α 2 n 1 implying α 21 < α 2 . Now, we compute a standard basis under the conditions (1), (2), (3), and (4).
Lemma 3.8. Let n 2 be the smallest in {n 1 , n 2 , n 3 , n 4 } and
} if α 1 > α 4 , with respect to negative degree reverse lexicographical ordering with X 3 , X 4 > X 1 > X 2 .
Proof. To prove (i), let α 1 ≤ α 4 .
, by (2). Then we conclude the following:
• N F (spoly(f i , f j )|G) = 0 as LM(f i ) and LM(f j ) are relatively prime, for (i, j) ∈ {(1, 3), (2, 3), (1, 4), (3, 4), (4, 5)}.
by (1) and (3). Only LM(f 4 ) divides this and ecart(spoly( (2) . Only LM(f 3 ) divides this but as ecart(spoly(f 4 , spoly(f 1 , f 2 ))) = ecart(f 3 ) and spoly(f 3 , spoly(f 4 , spoly(f 1 , f 2 ))) = 0, it follows that N F (spoly(f 1 , f 2 )|G) = 0.
• spoly(f 1 , f 5 ) = −X • spoly(f 2 , f 4 ) = −X α21+1 1
from (2). Only LM(f 5 ) divides LM(spoly(f 2 , f 4 )) and ecart(spoly(f 2 , f 4 )) = ecart(f 5 ). Then spoly(f 5 , spoly(f 2 , f 4 )) = 0. Hence N F (spoly(f 2 , f 4 )|G) = 0.
and LM(spoly(f 2 , f 5 )) = −X 2 X α4 4 from (4). Only LM(f 4 ) divides LM(spoly(f 2 , f 5 )) and ecart(spoly(f 2 , f 5 )) = ecart(f 4 ). Then spoly(f 4 , spoly(f 2 , f 5 )) = 0. So, N F (spoly(f 2 , f 5 )|G) = 0.
and LM(spoly(f 3 , f 5 )) = −X α1 1 X 2 from the assumption α 1 ≤ α 4 . Only LM(f 1 ) divides LM(spoly(f 3 , f 5 )) and ecart(spoly(f 3 , f 5 )) = ecart(f 1 ). Then spoly(f 1 , spoly(f 3 , f 5 )) = 0. Hence N F (spoly(f 3 , f 5 )|G) = 0. So, G = {f 1 , f 2 , f 3 , f 4 , f 5 } is a standard basis whose minimality can be seen easily. In order to prove (ii), assume now that α 4 < α 1 .
, from assumption.
, by (2). Then we can conclude the following:
• N F (spoly(f 2 , f 3 )|G) = 0 as LM(f 1 ) and LM(f 3 ) relatively prime.
• N F (spoly(f 3 , f 4 )|G) = 0 as LM(f 1 ) and LM(f 4 ) relatively prime.
• N F (spoly(f 4 , f 5 )|G) = 0 as LM(f 2 ) and LM(f 3 ) relatively prime.
and if
and in either way, none of the polynomials in G has leading monomial dividing these. Hence, G must include
and LM(spoly(f 1 , f 3 )) = X • spoly(
3 from (1). Only LM(f 3 ) divides this leading monomial and ecart(spoly(f 2 , spoly(f 1 , f 4 ))) = ecart(f 2 ). As spoly(f 3 , spoly(f 2 , spoly(f 1 , f 4 ))) = 0, N F (spoly(f 1 , f 4 )|G) = 0.
If
and its leading monomial is X Observe that, up to here we have done the computations by using the assumption α 4 < α 1 only. For the rest of the computations, we also employ the condition (4).
Only LM(f 6 ) divides LM(spoly(f 1 , f 5 )) and ecart(spoly(f 1 , f 5 )) ≤ ecart(f 6 ). We have also spoly(f 6 , spoly(
and LM(spoly(f 6 , spoly(f 1 , f 5 ))) = −X 2 X 2α4−2 4 from (3). Only LM(f 4 ) divides this and ecart(spoly(f 6 , spoly(f 1 , f 5 )) = ecart(f 4 ). As we have spoly(f 4 , spoly(f 6 , spoly(
and LM(spoly(f 4 , spoly(
again from the assumption α 21 + α 1 ≤ α 4 + α 2 − 1. Only LM(f 6 ) divides this and ecart(spoly(f 4 , spoly(f 1 , f 5 )) = ecart(f 6 ). As spoly(f 4 , spoly(f 6 , spoly(f 1 , f 5 ))) = 0, we have N F (spoly(f 1 , f 5 )|G) = 0 in this case also.
• N F (spoly(f 1 , f 6 )|G) = 0 as the leading monomials are relatively prime.
from (3). Only LM(f 5 ) divides this monomial and ecart(spoly(f 2 , f 4 )) = ecart(f 5 ). As spoly(f 5 , spoly(f 2 , f 4 )) = 0, we have N F (spoly(f 2 , f 4 )|G) = 0.
and LM(spoly(f 2 , f 5 )) = −X 2 X α4 4 from (4). Only LM(f 4 ) divides this and ecart(spoly(f 2 , f 5 )) = ecart(f 4 ). As spoly(f 4 , spoly(f 2 , f 5 )) = 0, we have N F (spoly(f 2 , f 5 )|G) = 0.
and its leading monomial is −X α2 2 X 3 X α4−1 4 since α 4 < α 1 in this case. Only LM(f 1 ) divides this and ecart(spoly(f 2 , f 6 )) = ecart(f 1 ). As spoly(f 1 , spoly(f 2 , f 6 )) = 0, we have
since α 4 < α 1 in this case. Only LM(f 1 ) divides this and ecart(spoly(f 3 , f 5 )) = ecart(f 1 ). As spoly(f 1 , spoly(f 3 , f 5 )) = 0, we have N F (spoly(f 3 , f 5 )|G) = 0.
• N F (spoly(f 3 , f 6 )|G) = 0 as LM(f 3 ) and LM(f 6 ) are relatively prime.
• N F (spoly(f 4 , f 6 )|G) = 0 as LM(f 4 ) and LM(f 6 ) are relatively prime.
from (1) again. Only LM(f 3 ) divides this monomial and ecart(spoly(f 2 , spoly(f 5 , f 6 ))) = ecart(f 3 ). As spoly(f 3 , spoly(f 2 , spoly(f 5 , f 6 ))) = 0, we have N F (spoly(f 5 , f 6 )|G) = 0.
. Only LM(f 3 ) divides this and ecart(spoly(f 5 , f 6 )) ≤ ecart(f 3 ) from Remark 3.7. spoly(f 3 , spoly(f 5 , f 6 )) = X
from Remark 3.7 again.
Only LM(f 2 ) divides this and ecart(spoly(f 3 , spoly(f 5 , f 6 ))) = ecart(f 2 ). As spoly(f 2 , spoly(f 3 , spoly(f 5 , f 6 ))) = 0, we have N F (spoly(f 5 , f 6 )|G) = 0 in this case also. Therefore, G = {f 1 , f 2 , f 3 , f 4 , f 5 , f 6 } is a standard basis whose minimality can be verified easily.
We are now ready to give the full characterization.
Theorem 3.9. Suppose n 2 is the smallest. Tangent cone of the monomial curve C S is Cohen-Macaulay if and only if
Proof. If tangent cone is Cohen-Macaulay then (1), (2), (3) and (4) must hold by Lemma 3.6. If (1), (2), (3) and (4) hold, then a minimal standard basis with respect to the negative degree reverse lexicographic ordering making X 2 the smallest variable is 3.3. Cohen Macaulayness of the tangent cone when n 3 is the smallest. In this section, we deal with the Cohen Macaulayness of the tangent cone when n 3 is the smallest in {n 1 , n 2 , n 3 , n 4 }. As before, we get the necessary conditions first.
Lemma 3.10. Suppose n 3 is the smallest. If the tangent cone of the monomial curve C S is Cohen-Macaulay, then the following must hold
can not be in a minimal standard basis of I S . It can not be in a minimal generating set since a minimal generating set would lie in a minimal standard basis. Since Betti S-degrees are invariant, there must be a binomial of degree d 4 in a minimal generating set. We prove that f
must belong to a minimal generating set and so to a minimal standard basis. This will follow from [6] and the claim that
In order to prove the claim above, take m ∈ deg 
On the other hand, by Lemma 2.2, we have
and so m = X α2−2 2
. By the same argument, if
, hence the claim follows. If
is divisible by X 3 , contradicting to the Cohen-Macaulayness of the tangent cone. So, (3) follows.
Before computing a standard basis, we observe the following.
Remark 3.11. When n 3 is the smallest, α 1 − α 21 < α 3 holds automatically. Indeed, as f 3 is S-homogeneous,
Now, we compute a standard basis.
Lemma 3.12. Let n 3 be the smallest in {n 1 , n 2 , n 3 , n 4 } and
, f 5 , f 6 } when α 1 −α 21 = 2 and α 2 +α 3 −1 < α 4 ≤ α 2 +2α 3 −3, with respect to negative degree reverse lexicographical ordering with X 2 > X 1 , X 4 > X 3 .
Proof. To prove (i), let α 4 ≤ α 2 + α 3 − 1.
, by (2) . Then we conclude the following:
• N F (spoly(f i , f j )|G) = 0 as LM(f i ) and LM(f j ) are relatively prime, for (i, j) ∈ {(1, 2), (1, 4) , (1, 5) , (2, 4) , (3, 4) }.
• spoly(f 1 , f 3 ) = X 3 f 5 whose leading monomial is divisible only by LM(f 5 ) and ecart(spoly(
is not divisible by leading monomials of binomials in G. Hence, G must include f 6 = X α1−1 1
• spoly(f 2 , f 5 ) = −X α21 1 f 4 whose leading monomial is divisible only by LM(f 4 ) and ecart(spoly(f 2 , f 5 )) = ecart(f 4 ). Thus, spoly(f 4 , spoly(f 2 , f 5 )) = 0 so that N F (spoly(f 2 , f 5 )|G) = 0.
• spoly(f 3 , f 5 ) = X α3−1 3 f 1 whose leading monomial is divisible only by LM(f 1 ) and ecart(spoly(f 3 , f 5 )) = ecart(f 1 ). Thus, spoly(f 1 , spoly(f 3 , f 5 )) = 0 so that N F (spoly(f 3 , f 5 )|G) = 0.
• spoly(f 4 , f 5 ) = −X 1 X α3−1 3 f 2 whose leading monomial is divisible only by LM(f 2 ) and ecart(spoly(f 4 , f 5 )) = ecart(f 2 ). Thus, spoly(f 2 , spoly(f 4 , f 5 )) = 0 so that N F (spoly(f 4 , f 5 )|G) = 0.
• spoly(f 1 , f 6 ) = −X 3 f 4 whose leading monomial is divisible only by LM(f 4 ) and ecart(spoly(f 1 , f 6 )) = ecart(f 4 ). Thus, spoly(f 4 , spoly(f 1 , f 6 )) = 0 so that N F (spoly(f 1 , f 6 )|G) = 0.
• N F (spoly(f 2 , f 6 )|G) = 0 as LM(f 2 ) and LM(f 6 ) are relatively prime.
• spoly(f 3 , f 6 ) = X α3 3 f 2 whose leading monomial is divisible only by LM(f 2 ) and ecart(spoly(f 3 , f 6 )) = ecart(f 2 ). Thus, spoly(f 2 , spoly(f 3 , f 6 )) = 0 so that N F (spoly(f 3 , f 6 )|G) = 0.
• spoly(f 4 , f 6 ) = −X α2−1 2 X α3−1 3 f 1 whose leading monomial is divisible only by LM(f 1 ) and ecart(spoly(f 4 , f 6 )) = ecart(f 1 ). Thus, spoly(f 1 , spoly(f 4 , f 6 )) = 0 so that N F (spoly(f 4 , f 6 )|G) = 0.
, then this is divisible only by LM(f 2 ) and ecart(spoly(f 5 , f 6 )) ≤ ecart(f 2 ). So, spoly(f 2 , spoly(f 5 , f 6 )) = X α21 1 X α3−1 3 f 1 whose leading monomial is divisible only by LM(f 1 ) and ecart(spoly(f 2 , spoly(f 5 , f 6 ))) = ecart(f 1 ). Thus,
, then this is divisible only by LM(f 1 ) and ecart(spoly(
f 2 whose leading monomial is divisible only by LM(f 2 ) and ecart(spoly(f 1 , spoly(f 5 , f 6 ))) = ecart(f 2 ). Thus, spoly(f 2 , spoly(f 1 , spoly(f 5 , f 6 ))) = 0 so that N F (spoly(f 5 , f 6 )|G) = 0. 6 } is a standard basis whose minimality can be verified easily.
To prove (ii), let α 1 − α 21 = 2 and α 2 + α 3 − 1 < α 4 ≤ α 2 + 2α 3 − 3.
• LM(f
whose leading monomial is divisible only by LM(f 1 ) and ecart(spoly(f 3 , f 6 )) ≥ ecart(f 1 ). So, spoly(f 1 , spoly(f 3 , f 6 )) = −X 3 f ′ 4 and ecart(spoly(f 1 , spoly(f 3 , f 6 ))) = ecart(f ′ 4 ). Hence, we have spoly (spoly(f 1 , spoly(f 3 , f 6 ) ), f We are now ready to give a list of sufficient conditions. Corollary 3.13. If n 3 is the smallest and Proof. If (1), (2), (3) and (4) hold, then a minimal standard basis with respect to the negative degree reverse lexicographic ordering making X 3 the smallest variable is G = {f 1 , f 2 , f 3 , f 4 , f 5 , f 6 } from Lemma 3.12. X 3 does not divide LM(f i ), so the tangent cone is Cohen-Macaulay by [4, Lemma 2.7] . If (1), (2), (3) hold, α 1 −α 21 = 2 and α 2 + α 3 − 1 < α 4 ≤ α 2 + 2α 3 − 3, then a minimal standard basis with respect to the negative degree reverse lexicographic ordering making X 3 the smallest variable is G = {f 1 , f 2 , f 3 , f We finish this section by illustrating that α 2 ≤ α 21 +1 is not a necessary condition for the Cohen-Macaulayness of the tangent cone.
Example 3.14. Let α 21 = 2, α 1 = 4, α 2 = 5, α 3 = 4 and α 4 = 5. Then n 1 = 81, n 2 = 59, n 3 = 28 and n 4 = 74. Observe that n 3 is the smallest and the conditions (1), (2) and (i) are satisfied but (3) is not. A minimal standard basis for I S in this case can be computed as {X 1 X 2 − X 3.4. Cohen-Macaulayness of the tangent cone when n 4 is the smallest. We get some necessary conditions first as before. Proof. The results follow immediately from the indispensabilities of f 1 , f 2 and f 5 respectively.
Remark 3.16. If n 4 is the smallest in {n 1 , n 2 , n 3 , n 4 } then α 4 > α 2 + α 3 − 1. Indeed, as f 4 is S-homogeneous and n 4 is the smallest α 4 n 4 = n 1 +(α 2 −1)n 2 +(α 3 −1)n 3 > (α 2 + α 3 − 1)n 4 implying α 4 > α 2 + α 3 − 1.
Lemma 3.17. Let n 4 be the smallest in {n 1 , n 2 , n 3 , n 4 } and the conditions (1) α 1 ≤ α 4 , (2) α 2 ≤ α 21 + 1, (3) α 3 + α 21 ≤ α 4 , (4) α 3 ≤ α 1 − α 21 , hold, then {f 1 , f 2 , f 3 , f 4 , f 5 } is a minimal standard basis for I S with respect to negative degree reverse lexiographical ordering with X 3 > X 1 , X 2 > X 4 .
Proof. Observe that
• LM(f 1 ) = LM(X by (1) and (2) . LM(f 2 ) divides this and ecart(spoly(f 3 , f 4 )) ≥ ecart(f 2 ). spoly(f 2 , spoly(f 3 , f 4 )) = X 4 f 1 whose leading monomial is divisible only by LM(f 1 ) and ecart(spoly(f 2 , spoly(f 3 , f 4 ))) = ecart(f 1 ). Thus, spoly(f 1 , spoly(f 2 , spoly(f 3 , f 4 ))) = 0 and N F (spoly(f 3 , f 4 )|G) = 0.
• spoly(f 3 , f 5 ) = −X 2 f 1 whose leading monomial is divisible only by LM(f 1 ) and ecart(spoly(f 3 , f 5 )) = ecart(f 1 ). As spoly(f 1 , spoly(f 3 , f 5 )) = 0, we have N F (spoly(f 3 , f 5 )|G) = 0.
• spoly(f 4 , f 5 ) = −X α4−1 4 f 2 whose leading monomial is divisible only by LM(f 2 ) and ecart(spoly(f 4 , f 5 )) = ecart(f 2 ). As spoly(f 2 , spoly(f 4 , f 5 )) = 0, we have N F (spoly(f 4 , f 5 )|G) = 0. So, G is a standard basis whose minimality is easy to check.
Corollary 3.18. If the conditions (1), (2) , (3) and (4) hold, then the tangent cone of C S is Cohen-Macaulay.
Proof. If the conditions (1), (2) , (3) and (4) hold, then {f 1 , f 2 , f 3 , f 4 , f 5 } is a minimal standard basis for I S with respect to negative degree reverse lexiographical ordering with X 4 the smallest variable from Lemma 3.17 and X 4 ∤ LM(f i ) for i = 1, 2, 3, 4, 5. Thus, it follows from [4, Lemma 2.7] that the tangent cone is Cohen-Macaulay.
